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We reconsider the problem of the Hamiltonian interpolation of symplectic
mappings. Following Moser’s scheme, we prove that for any mapping ¥,,
analytic and e-close to the identity, there exists an analytic autonomous
Hamiltonian system, H, such that its time-one mapping ®,, differs from ¥, by
a quantity exponentially small in 1/e. This result is applied, in particular, to the
problem of numerical integration of Hamiltonian systems by symplectic algo-
rithms; it turns out that, when using an analytic symplectic algorithm of order
s to integrate a Hamiltonian system K, one actually follows “exactly,” namely
within the computer roundoff error, the trajectories of the interpolating
Hamiltonian H,, or equivalently of the rescaled Hamiltonian K, =¢~'H,, which
differs from K, but turns out to be ¢&° close to it. Special attention is devoted to
numerical integration for scattering problems.

KEY WORDS: Hamiltonian systems; symplectic mappings; symplectic
integration algorithms; perturbation theory.

1. INTRODUCTION

Let us consider a smooth symplectic mapping ¥: 2 — 2, where 2 is a
domain in R*" (or a symplectic manifold of dimension 2n), endowed with
canonical coordinates (p, g)=(p',.., p", ¢'..., ¢"). A classical problem is
the search for an (autonomous) interpolating Hamiltonian, namely a
Hamiltonian H such that its flow @/, at time =1, or time-one mapping,

! Universita di Padova, Dipartimento di Matematica Pura e Applicata, GNFM (CNR) and
INFM, 35131 Padova, Italy. Benettin @ padova. infn. it.
? Universita di Milano, Dipartimento di Matematica and GNFM (CNR), 20133 Milano, Italy.

1117

0022-4715/94/0300-1117807.00/0 «* 1994 Plenum Publishing Corporation



1118 Benettin and Giorgilli

coincides with ¥. Let us notice that, if H exists, then the mapping ¥
admits an integral of motion, namely H itself, and this is not trivial.

A special case is that of mappings which are near the identity, more
precisely mappings ¥, smoothly depending on a (small) parameter ¢, such
that ¥y(p, 9) = (p, g). For such mappings a formal solution was provided
by Moser,!” who proved that® one can construct a formal, i.e., possibly
nonconverging, series H,=¢eh, +¢&’h,+ ---, such that its (formal) time-
one flow agrees, order by order, with ¥,.. Moser’s construction follows a
“direct” method: namely, without any change of variables, one directly
constructs each term of the Hamiltonian (more precisely, of its vector
field). Formal results related to Moser’s can be found in ref. 2 and 3.

Later, Neishtadt*’ provided for this problem an exponential estimate,
namely (in the analytic case) he proved that there exists a Hamiltonian H,,
small with ¢, such that, denoting by &, = &,, its time-one flow, one has

@y, — ¥l < Cee = (1.1)

with C, ¢* > 0. Neishtadt’s construction is instead “indirect”: indeed, there
one preliminarily introduces a nonautonomous Hamiltonian A.(p, q, 1),
which interpolates y, exactly (such Hamiltonian is known to exist; see,
for example, ref. 5) and then, by a suitable canonical transformation, one
eliminates from A, the variable ¢, which for small ¢ turns out to be a
“fast variable”; practically, the exponential estimate (1.1) comes out as a
byproduct of a more general estimate on adiabatic invariants.

The purpose of the present paper is twofold. On one hand, we recon-
sider the interpolation problem, and show that Moser’s scheme leads in a
very simple and direct way to the exponential estimate (1.1); in particular
(at variance with the indirect method) one easily gets in this way quite
reasonable (although not optimal) expressions for the constants entering
the estimate. On the other hand, we aim to stress some consequences of the
exponential estimate (1.1), in particular in connection with the use of
symplectic mappings for the numerical integration of Hamiltonian systems.

Let us quickly examine some elementary consequences of the estimate
(1.1); more precise statements will be found in Section 2.

(i) The mapping ¥, admits an almost-integral of motion, up to an
exponentially large number of iterations. Precisely, with a suitable constant
C’ >0 one deduces

[H¥5(p, q))— H.(p, q)) <kC'ee """ (1.2)

* Properly speaking, in rel. 1 one does not refer to a small parameter &; equivalently, series
expansions in (p, q) are introduced.
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so that, in particular, for any s> 1 one obtains estimates of the form

|H(P5(p, @) — H(p, @) <C'e*  for ke le*™r (1.3)
(ii) The distance
de= 1195 — P4

between the kth iterate of ¥, and the flow of @,_at time k grows slowly with
k, even if the mapping admits exponential divergence of nearby trajectories:
precisely, with suitable constant >0 [in fact, the Lipshitz constant of

Y.(pg)=e"(¥.Ap.q)—(p.q))], one gets

ekun

d,<C el (1.4)

so that for k = @(¢ '), corresponding to | ¥*(p, ) — (p, q)| = (1), one gets

d,=0(e ), and only for much larger k= @(e~?) does divergence
possibly occur.

Let us stress here the relevance of these properties for the problem of
the integration of Hamiltonian systems by means of symplectic algorithms
(a comment on the general case is deferred to the end of the conclusions).
This problem has attracted attention in the recent literature (see, for
example, refs. 6-8); in fact, it is a common experience among people
working numerically in dynamical systems or in molecular dynamics that
even very simple symplectic algorithms, like the so-called leap-frog
algorithm (also called central differences method; Verlet algorithm, in the
literature on molecular dynamics), often behave better than other more
sophisticated or higher-order nonsymplectic schemes (see, for example, ref. 9
for a comparison).

Suppose one is given a Hamiltonian system K. Integrating numerically
its equations of motion means precisely replacing its time-¢ mapping @5 by
a mapping ¥, close in some sense to @%: for example, such that

@5 — Wl =0(e "), s=1 (1.5)
(s is called the order of the algorithm). Now, assume the algorithm ¥, is
symplectic; let H, be its interpolating Hamiltonian, and denote K, =¢ 'H,.
For any ¢ one has clearly @), =®% . K, is thus a time-¢ interpolating

Hamiltonian, and the estimate (1.1) can be rewritten in the form

D% — V.l < Cee (1.6)
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By comparison of (1.5) and (1.6), one then deduces that K, is close to the
original Hamiltonian K. In fact, with suitable C” >0, one finds

IK,— Kl < C"¢* (1.7)

(see Section 4 for details). On the other hand, as remarked above, the
algorithm ¥, follows the orbits of the interpolating Hamiltonian K, up
to k=0(¢""') with exponentially small error: in particular, with very
reasonable values of g, the error at 7 =1 can be easily made (much) smaller
than the computer roundoff error. It is then clear, in our opinion, what
one really does when integrating numerically the equations of motion of
a Hamiltonian system by means of a symplectic algorithm: indeed, one
simply replaces the “true” Hamiltonian K by a different autonomous
Hamiltonian K, ¢’-close to it, and then computes “exactly” (namely,
within the roundoff error) the time-one mapping of X,.

This is a fact. Whether it implies something for the accuracy of the
numerical integration is a delicate point. In our opinion, the question
crucially depends on the structural stability of the problem at hand:
namely, if a small change of the Hamiltonian is expected to influence
deeply the results, then replacing K by K, makes indeed a big difference: in
this case, however, we sincerely doubt that a numerical computation with
any integration method can be of any interest. On the contrary, if small
changes in the Hamiltonian are expected to be not really relevant, at least
for the quantities one is looking at, then according to the above analysis,
the numerical computation should be considered as essentially reliable.
Some further comments on this point, including an example, are deferred
to the final section.

In particular, one easily explains in this way why symplectic
algorithms give rise to a good energy conservation, with essentially no
accumulation of errors in time: indeed, according to (1.3) and (1.7), one
gets [using the short notation K(t)= K{(p(t), q(¢)), and so on]

[K(1) — K(0) < [K(1) = K.(1)] + |K (1) — K(0)] + |K,(0) — K(0)] < C"&* (1.8)

with suitable C” >0, almost uniformly in ¢, namely up to times
exponentially long in ¢,

In fact, we became interested in trying to understand this problem for
the purpose of understanding in a rigorous framework the apparently “too
accurate” numerical results reported in ref. 10. That paper studied numeri-
cally the scattering of a plane rotator from a fixed obstacle, in order to
measure the energy exchange between the translational and the rotational

degrees of freedom produced by the collision; the accuracy of the results
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found there, in particular for the overall energy conservation, is apparently
“too high” (as a matter of fact, the relative error in energy conservation,
at the end of each scattering process, is almost as small as the computer
roundoff error), and apparently not compatible with the precision of the
algorithm used in the numerical computation: thus, an explanation is
needed. As already remarked in ref. 10, the existence of a Hamiltonian
which almost exactly interpolates the integration algorithm does provide
the required explanation. This particular problem will be studied in detail
in Section 4, by suitably adapting the general resuits to the case of
scattering.

The paper is organized as follows: Section 2 is devoted to general
results, which are then proved in Section 3; Section 4 is devoted to
numerical integration algorithms, with special attention to the scattering
case; a short conclusion follows in Section 5.

2. RESULTS

As in ref. 1, we find it more convenient to study the general case of a
mapping ¥,: R” — R™, and treat the symplectic case as a particular one.
We shall consider mappings ¥, which are near the identity, and can be
written as power series in & namely

V. (x)=x+ef (x)+ e (x)+ - (2.1)

Each ¥, k=1, will be assumed to be real analytic in a suitable complex
neighborhood 2, of a real set 2 <R™, defined as follows: given an
“extension vector” p = (p',.., p™) with positive entries, one denotes

2,= 4,
e (2.2)
4,={yeC™ly'=x<p1<i<m)}

Let us now introduce convenient norms. For a function w real analytic
in 2,., with p'<p (the inequality is intended to work separately in all

components), one denotes

Iwll,- = sup |w(x)| (2.3)

xXeLy
while for any vector-valued function W= (W',.., W™), with W',.., W™ real
analytic in 2,., we denote

wi .
W, = max ”—,.l—li

I<igsm p

(24)
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Given any vector field f=(f"..., /™), we denote by L, the differential
operator acting on scalar functions according to the usual rule

meo o ow
Lw= F— 25
Tad i; S ox (2.5)

For vector-valued functions, it will be convenient to denote (at variance
with a more common use of the same notation)

LW=(LW'.,L,W") (2.6)

The flow associated with the differential equation % = f(x) will be denoted
by &;; if fis Hamiltonian, with Hamiltonian /, the equivalent notation &,
is used. For the time-one map, we shall simply denote ®, or @,. Denoting
by &=(&',..., &) the identity function in R", namely

éx)=x, Lx)=x

one has clearly &, =e"¢. Finally, in the proposition below we shall also
deal with a formal series of vector fields

F::x=f?f1+82f2+"', fi: 90—>C"'

It is worthwhile to notice that its exponential exp L= is formally well
defined, since at each finite order in & one gets only a finite number of
contributions.

We can now state our basic proposition.

Proposition 1. Consider the mapping
W (x)=x+ Y e (x), €20 (2.7)
k=1

Assume the functions ., k> 1, are real analytic in 2,, and satisfy there

the estimates
IWell, <y*~'r (2.8)

for some positive constants y, I
Then there exists a formal series of vector fields

Fr=e¢fi+f1+ - (2.9)
analytic in Z,, such that

(i) One has formally
(exp Lf;")‘f='{lc (2.10)
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(i1) The vector fields f,, k = 1, satisfy the estimates

I/, <

(2.11)
I ficll pe < 3k*='B5'0, k=2

with
B=4max(y, I') (2.12)

moreover, as long as 1 <r<(2f¢) ', the finite sum

Fi=¢fi+ - +&7, (2.13)

satisfies the estimates
IFll 0 <36l (2.14a)
”djl-j_ Wa”p/d < 38r(2"ﬁ6)r (214b)

(iii) 1f ¥, 1s symplectic, then all vector fields f;, f5,..., are locally
Hamiltonian.

Remark. In the symplectic case, the global existence of a Hamilton
function H?, corresponding to the vector field F], requires additional
assumptions (unless the domain is simply connected). For instance, a
(globally defined) symplectic mapping, such that its interpolating vector
field is only locally Hamiltonian, is ¥,: (I, @) (I +¢, @), for [eR, e S":
indeed, one has F'(I, )= (e, 0), constant and independent of r, and corre-
spondingly H(/, ¢)= —e@, which, however, is not globally defined on
R x S'. On the other hand, as we shall see, it is quite crucial in the applica-
tions to know whether or not the interpolation is global. This is a delicate
question whose general discussion goes beyond the purpose of this paper.
However, we remark that the global existence of the interpolating
Hamiltonian is guaranteed at least for a relevant class of symplectic map-
pings, including the more common integration schemes. Indeed, one can
prove that, if '@ mapping ¥, admits a mixed-variables generating function of
the form S,(p', q)=p’ -q+ SAp’ q), where § is globally defined, then all of
our vector fields f, turn out to be globally Hamiltonian. An indirect proof of
such a claim makes use of two previous results. On one hand, it is well
known that the mapping ¥, can be represented by the time-¢ flow of a
time-dependent Hamiltonian H,; explicit formulas relating S, to A, are
produced in ref. 2. On the other hand, according to ref. 3, the flow of A,
can be formally approximated at any order in & by the flow of a time-
independent Hamiltonian H,; explicit formulas relating H, to H, are given
in ref. 3. In the following, we shall refer to this case as the global symplectic
case.
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Deferring to the next section the proof of Proposition 1, we state and
prove here two simple corollaries, corresponding to the results announced
in the Introduction.

Corollary 1. Under the above assumptions, there exists an
autonomous interpolating vector field F, such that

" 1
197, = Pillu < 3ele ™0, e* = (215)

for any e<e* where [-] denotes the integer part; in the (global)
symplectic case, F, is (globally) Hamiltonian.

Proof. One simply makes use of (2.14b), taking r to be a function of
&, in such a way to get the best result, i.e., the minimum of (2rf¢)". The best
value of r turns out to be r=[e*/e]. QED

The next corollary concerns the relation between the iterates ¥* of ¥,
and the flow &} of the above best interpolating vector field F,. We here
need that ¥*(x) is well defined; to this purpose, we restrict ourselves to the
set 2% = 9, such that P/(x)e D for 0< j<k -1, and denote

I[P (x) — PI(x)])

d;= sup max
xeah 1<ism p

(2.16)

1

(the mapping @/ will also turn out to be well defined in 2%, for
0<j<k). The latter statement in the corollary concerns the accuracy of
energy conservation by ¥* in the symplectic case. Let, with notation
adapted to this case, p=(0,,.., 0,, T|,.., T,); With no possibility of con-
fusion, we also denote by p the positive number defined by

p’= max o1, (2.17)

I<ign

Corollary 2. Let u denote the supremum for e <e* of the Lipshitz
constant of the {order-one) mapping ¢~ '(¥, —¢&). If k< (ue)~', then one
has

(14 pe)e—1

d.<3r
u

. r .
oo /c]<6;e—[€ /e1 (2.18)

Moreover, in the global symplectic case, denoting by H, the Hamiltonian
corresponding to the best interpolating vector field F., for xe 2! one has

|H(¥;(x)) = H(x)| < 3nkp*[ee /) (2.19)
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Remark. This corollary is meaningful as long as there are initial data
which do not escape 2 for a large number of iterations, i.c., as long as 2'¥),
for large k, is not empty. In the global symplectic case, this is typically
guaranteed by the conservation of energy: indeed, if a surface of constant
energy is contained in 2, and is not too close to the border, then (2.19)
guarantees a priori that for x on that surface ¥*(x) cannot escape 2, up
to very large k. This is the usual case of symplectic mappings which are
introduced to numerically integrate Hamiltonian systems.

Proof. Assume provisionally that &7 (x) does not escape 2 o0 fOr
0<j<k—1and xe 2. From the trivial inequality

[P1(x) = DL < |PAP](x) — P P5 (X))
+ YA (X)) = P (P (X)) (2.20)

and using the definition of i and the previous corollary, one immediately
finds the recurrent estimate

d<(1+upe)d,_ +3ree "1 for 0<j<k (2.21)

{with d,=0), which in turn gives

T+ —1
3r(+“—‘2ee-fﬂ w1 0g <k (2.22)
u

d,<

as claimed in (2.18). The above provisional assumption is easily
removed: indeed, by recurrence, one immediately recognizes that if
Pp.,..., Dl '(x)€D,,4, then, just because of (2.22), P4 (x) also belongs
10 D4

Finally, to prove (2.19), let us write

k—1
|H(PE(x) = H (< ) [H(P] ! (x) = H(P(x))]
j=0
k=1
= Y |H(P(PUx)) = H(D (F](x)))]

j=0

SKkA NP, — Pyl oo (2.23)

where A, denotés the Lipshitz constant of H_; recalling the definition of
norms, as well as (2.14a), one easily gets A,<2np?||F,||,4<3np’erl.
Using inequality (2.15) to estimate [¥,— @ |,4, (2.19) immediately
follows. QED

822/74/5-6-12
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3. PROOF OF PROPOSITION 1

3.1. The Recursive Scheme

Let us use the short notation L,=L,. By formally expanding the
exponential of Lyx, one gets

1 / Lo
expLpz=14 3 ——|<Z a"Lk) =1+ &3 = A (3.1)

j>lj' kz1 =21 j=l-]‘
with
A~ = Z Lkl"‘Lkl, ISjSI (3.2)

gl
K ees kiz !
ki+ -+ k=1

From this definition, one easily gets for 4, ,, /> 1, the recursive relations

Ay =L, (3.3a)

I—j+1
A= Z LiA; v i_k» 2gjs! (3.3b)

k=1
By comparing expression (3.1) for exp L~ with the series (2.7) of ¥, it

is not difficult to get the further recursive relations
Si=v, (3.4a)
i
1

fi=vi— Y FA,-./é, 1>2 (3.4b)

j=2

Indeed, the former equality is trivial, while for any /> 2 one has
!
1
Yi=A,5+ ) FA,_,é (3.5)
i=27"

and (3.4b) is immediate, since 4, ,(=L,E=/,.

The recursive scheme defined by (3.3), (3.4) provides a way of
calculating the vector fields f, 1 <k < co, in such a way that exp L=
coincides with ¥, at any order in &. To better understand the recursion,
one may refer to the triangular diagram

N fi s Ss
Azy Azs Aas
Ass Asg o (3.6)

Asa
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where the 4, , do not appear, but in fact, in virtue of (3.3a), are implicitly
contained in the first row. The recursion proceeds as follows: assume one
has already defined the first /— 1 columns of the array; then, using (3.3),
one defines all the elements of the next column / but the first one, while
later, using (3.4), one also defines f; and 4, ,. One should notice that all
functions appearing in (3.6) are well defined in a finite number of
operations, without any inversion or convergence problem, so all of them
are analytic in 2,, regardless of the value of e.

3.2. The Estimate (2.11) of £,
Let

s=L,  B=kp=dkmax(y, I (3.7)

We prove recursively that the following estimates hold:

(ay) ||f|||p<r
B! 2<igk
(a)) ||f/||,:—u+q~|)¢s<mr {'7>Oa1+’7_1<k
38
(b)) Ay el,<T (38)
B! 2gigsk 15!
(b;.r) ||A_f./§”,,_(l+r,—|)d<mr {”20,1_‘_”_ 1<k

In particular, for /=% and n=1, one gets the required estimate on
fi» k= 2. Also notice that the estimates (a,) and (b, ,) are exceptional, and,
unfortunately, worse, because they do not contain the free parameter #.

The estimates (a,) and (b, ) follow immediately from 4, ,é=/1,=y,.
We then assume that the above inequalities are satisfied up to a given value
of /, for 1 £j</, and show (in the order, according to the recursive
scheme) that (b,,, ) for 2<j</+ 1, then (a,,,), and finally (b, ,, ), are
also satisfied.

In the estimates, we shall frequently use the following elementary
result.

Lemma 1. Let § be as in (3.7), and consider any positive constants

6, 0, with 8 + 8" < 2k. If the vector field f'is analytic in 2, y, 5, and the
scalar- or vector-valued function w is analytic in 2, s, one has

||L/”|| p—(0+0)5 <? ||f||,,—(0+0')o‘ ||“'||,,—Ho‘ (3.9)
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Proof. Let w be a scalar function and, for any xe 2, _,, 45, denote

w.(z)=w(x+ zf(x)) (3.10)
One has clearly
dw
L 0 2 — RY 0
(Lw)(x) 7 (0)
Now, as long as |z| <,
66
[ = min - (3.11)
> l<ism |f’(.\’)|

one has x+zf(x)e 2, ,5; a Cauchy estimate gives then

dw,

dz

1 2k

(0)’ <E sup |w(z)| <? ”f||,._u)+o')a‘ "W”p_u(s (3.12)
[HEY

and (3.9) is immediate. The case of a vector-valued function is treated in

a similar way. QED

Let us then prove (b,,, ), 2<j</+ 1. Forget for a moment the case
Jj=2, which needs special considerations. From very definition of 4,,, ,,
using Lemma 1, one gets

l1—j+2

||Aj.l+lél|;)—(l+n)r§<”LIA/‘—I.I£||0—(/+11)()'+ Z ”L,\'A_i—l.l+l—,\‘é“p—(li»r]l&

§=2

L2k 1fil A -l men=—11s

2k I—j+2
+T Z ”fr”;l—(l+l]l6 ”Aj—|./+l—.\"f”p—(l-i—t]-xm
o (3.13)
(the sum is intended to vanish if j=/+ 1). By the inductive hypothesis, one
finds
'@I—l I—j+2 1
A&l iems <22 1 — | 314
414 10Elp—vmes l+n[ + ,\Ez s(1+r]+k—-s):| ( )

and the conclusion is immediate: indeed, one easily recognizes that each of
the /— j terms of the sum does not exceed /~!, so that

11—

”A/.l+|5||,,-(1+,,m<4kr2 (3.15)

1+n

Inequality (b,,, ), 2 <</, is then guaranteed by the choice (3.7) of %.
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Let us now consider the case j=2; this is a special case, because the
last term of the sum, namely L,4, &, contains 4, ,, whose estimate is
known only in 2,. In fact, for /4 1 =2 this is the only term, and one finds

2k
A28l ems ST ||f1|| 4 &l <5 ’7F2 (3.16)

For the choice of 4, the required estimate is immediate. For /+ 1> 2, one
finds instead

2k
||L Al lé”[l (/+r})5\ ||ﬁ|| —(+nd ||Al lC“p

2 -1
< 2k 1_3?
I+n 241

1 3!
<=2kI?
/ 1+y

(3.17)

Thus, in this case, too, one gets (3.15), and (b,,,,) is proven.

Let us now come to (a,, ). Using the recursive definition (3.4) of f,, |,
as well as the assumption (2.8) on i, and the previously obtained
inequalities (b,,, ;), we can write

(zlr 1+1 1 ﬁlr .}’/
(I+n)

te—2 3.18
1+r1,7j' 1+9 #° ] (G195

”//+ 1 “‘,, (I+3)3 < ,},/[‘
Since 1+ 5 <k, using (3.7) [in fact, & > ky/(3 —e) would be enough], one
immediately gets (1+1n)y/#'<ky/#B <3 —e, and (a,,,) is achieved.

Finally, the last inequality, namely (b, ,, ), is a direct consequence of
(a,. ), since, according to (3.3b), one has 4, ,, ¢é=L,, {=/f11.

3.3. The Estimates (2.14a), (2.14b)

Inequality (2.14a) is trivial for = 1. For 1 <r< (2f¢) ™', according to
(2.11), one can write

r

r Kk 1pre1 ] AN
IFrl <el+= 3 ekt gt <zer| 14+ Y (= (3.19)
! 2 2 o \2r

k=2

Since the sum does not exceed 2, (2.14a) is certainly satisfied. Concerning
(2.14b), one proceeds as follows: let

A7(x) = D po(x) = P (x) (3.20)
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From the formal part, we already know that 47(x), as a function of &, is
analytic and divisible by ¢ *': by a well-known property of analytic
functions, one then gets for any positive

141(x) s@ _max_|47(x) (3.21)

Now, a trivial generalization of the estimate (2.14a) for F7 gives
\Fil, <3zl T (3.22)

and the estimate holds for r < (28 |z|) ™', ie., for |z| <{=(28r) " If this
condition is satisfied, then for x€ 9, one has certainly @ (x}€ Z,,, and

B —Ell < 3T (3.23)

On the other hand, for |z] <{ one has in particular |z| < 1/(4y), and thus,
from (2.7), (2.8),

I¥.— gl < o< (324)
For |z|] <{ one has then
U4 e S NP p—Ellpa + 1¥-— &l e < 30T (3.25)
and consequently
N4N e <37 (€>r+l < 3el(2rpe)” (3.26)

as claimed.

3.4. The Symplectic Case

Point (iii) of Proposition | practically reduces to the foliowing purely
algebraic result.

Lemma 2. If a vector field
Fi=¢ i+ - +¢7,
satisfies the relation
{(exp L) & (exp Lyr) &'} = {EL &} = 0" ) (3.27)

where {-,-} denotes the Poisson bracket, then the vector fields f;,..., /.
are locally Hamiltonian [and consequently, the rhs of (3.27) actually
vanishes].
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Proof. At first order in ¢, (3.27) gives
(L& e+ {E L&/} =0 (3.28)
that is,
{1, &} +{& 11 =0 (3.29)

This is a well-known necessary and sufficient condition in order for f| to
be locally Hamiltonian.

Proceeding by induction, assume that f|,..,f;, k<r, are locally
Hamiltonian. One has clearly

exp L =exp(eL, + -+ +&* L)+ &7 'Ly, +0(*+?)  (3.30)
and thus, from (3.27),
{(el:L|+ +c"'Lk+6k+lLk+l) éi’ (e“"'* +c"Lk+8k+1Lk+l) éj}
—{& =002 (3.31)
Now, according to the inductive hypothesis, one has
{ethi+ -+ SLgl gebir s Ly L (i )
It follows that
{Lis1 & 8 +{8 Ly 8} =0
so that f; , , is locally Hamiltonian. The lemma is thus proven. QED

Point (iii) of Proposition 1 is now immediate: indeed, from the formal
part one has

(exp L) E— ¥, = O(e™)

so that, for symplectic ¥,, (3.27) is guaranteed. This concludes the proof
of Proposition 1. QED

4. ON SYMPLECTIC INTEGRATION ALGORITHMS

This section is devoted to the problem of numerical integration of
Hamiltonian systems by means of symplectic algorithms. To be definite, we
consider the particular class of Hamiltonian systems

Kip.g)=% Y (p)+Vq' ., q") (4.1)

i=1
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and the most elementary symplectic integration scheme, namely

Y.(p.q)=(p+eu(q), g +ep+e'u(q)) (4.2)
where
. oV
u=(u',., u"), u'=—— (4.3)
oq

The algorithm is immediately recognized to be globally symplectic. Then
one has ¥, =&, +&y,, with

lp|=(u’7[)’ w2=(0’u) (44)

7 is the projector defined by zn(p, g) = p. Special attention will be devoted
to the case of scattering, namely the case in which one or more of the ¢’
run over the whole real line, and the potential vanishes if any of these goes
to infinity; the Hamiltonian system considered in the already quoted ref. 10,
namely

2 2

I
K(p,q,z,w>=z,+%+wq,<p>, Ip,geR, ¢eS' (45)

belongs in particular (after a rescaling) to this class. Another common
situation we shall consider is the case of motion in a bounded region;
such a situation typically occurs when the constant-energy surfaces of
Hamiltonian (4.1) are compact.

To be definite, let us assume that the domain 2 of the Hamiltonian K
(and of the mapping ¥,) is given by |p/|< P, i=1,.,n and ge D<= R".
Denoting by p=(c¢',.., 6", t\,.., ") the extension vector, we introduce the
extended domains

D.= | {§geCm 13 —q'I<t\ 1<i<n}
ve? (4.6)
2,={(p,q)eC* gqeD,;|Im p'| <o}

For notational simplicity, we assume the extensions be independent of i,
namely ¢' =0, t'=1. The quantity p? introduced in Section 2 is then the
product ot. It is worthwhile to notice that, while 7 depends in general on
V, o is instead arbitrary. One could simply take ¢ = P, or profit from this
arbitrariness to (slightly) optimize the results; in the following, to clarify
our procedure, we keep o free.

Denote

*= max sup |u'(q)| (4.7)

i<isn qe D,
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Then one has

Y*
>, ll, = — (48)

T

U* P+o
11, = max (7,

and consequently the constants I, y, and f entering Proposition 1 are given
by

£A* P xA*
I"=max (—, +6>, y=—x<1T, p=4r (4.9)
o T 7

One could also see that the Lipshitz constant u entering Corollary 2
satisfies the simple estimate

u<r (4.10)

in the real domain 9,=2 (the estimate requires some tedious work, but
is not difficult). For convenience, in place of the best time-one interpolating
Hamiltonian H,, we refer here to the time-¢ interpolating Hamiltonian
K.=¢"'H,, for which one has @5 =&/, .

4.1. The Case of Motion in a Bounded Region

Let us first consider the easier case of motion in a bounded region; the
(more interesting) case of scattering requires further considerations, and
will be considered later. From Corollary 2, using the above estimate of y,
one gets that, up to time ke < I" ™' (notice that I"~' is a quite natural time
unit in the problem at hand), one has

|k (x) — PE(x)| < 6e U], xe gt (4.11)

le, the algorithm ¥, follows the trajectories of the interpolating
Hamiltonian K, up to times of order one, with exponentially small error.
Using quite reasonable values of the timestep &, this error is easily made
(much) smaller than roundoff errors, in any resonable precision; as
remarked in the Introduction, this means that the essential effect of the
discretization introduced by the algorithm is to replace the original
Hamiltonian K by K., and then to proceed “exactly,” as for the case of
iterated maps.

The problem then arises of knowing the relation between K and X,.
To this purpose, one has the following elementary corollary, which makes
precise some corsiderations already anticipated in the Introduction.

Corollary 3. Let H, be the best time-one interpolating Hamiltonian
introduced in Corollary 2, and consider the time-¢ interpolating Hamilto-
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nian K,=¢"'H,; let X and X, denote the Hamiltonian vector fields of X
and K,, respectively. If ¢ < 1¢*, with ¢* as in Corollary 1, then one has

X=X, <86l

(4.12)
Moreover, if K (0, §)= K(0, §) for some given g€ D, then one has
, P
|K,— Kl ;2 < nBatl %, B=16 -;+? (4.13)
with
d= max sup |¢'—§'| (4.14)
l<i<ngeD

Finally, the algorithm preserves both K and K, up to an exponentially
large time, namely one has

|K (P> 4) — K (Pos g0)| < dnotl%e

, (4.15)
|K(px» q:) — K(Pos o)l < (3+2B) notl%e
for

k<ele* (el (4.16)
Proof. One has X=y,=f,, and X,=¢ 'F’,r=[e*/e]. Using
(2.11), one then gets

1X.— XN, <e™ " IF;—efil ,n<3eBI" Y, k(efk) ~?
k=2

<LeBr Y 2% ePk)—2< 2epI =8l (4.17)
k=2

as claimed in (4.12). Inequality (4.13) is also easily achieved: indeed, for
any (p, q)€ 2 one has clearly

(p.q)
K 9)=K(p.)=[ * (VK.~VK)-d (4.18)
.G

where V denotes the gradient, and the line integral is independent of the
path in 2; on the other hand, from (4.12) one has

0K, oK
op’  op’

<8el1, 6!(?_6_1(‘ <8/ % (4.19)
aql aql
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and (4.13) immediately follows. Finally, the former of (4.15) is a trivial con-
sequence of (2.19), after the choice (4.16) of k, while the latter immediately
follows from

|K(Pis 9i) — K(Pos qo)l < |K(prs g1} — Kol Pic> 91l
+ 1K(Pis gk} — K(Pos 90)
+ |K(Po> 90) — K(Pos 90)l
<(3+2B)notlr’e QED (4.20)

4.2. The Case of Scattering

Let us now come to the problem of scattering. The uniform estimates
(4.9) are of course correct, but definitely rough for the problem at hand,
since one misses the essential property that, asymptotically, 4 vanishes,
and, correspondingly, as is clear from (4.2), the algorithm ¥, becomes
exact.

To take this crucial fact into consideration, we introduce the following
more detailed, “local” estimate of u:

#(q)= max sup |u'(q)l, U(q)<U* (4.21)

I<isn ¢ —qgl<t

For any function w: 2 — C, it is then convenient to introduce, besides the
usual norm, the “local norm”

w; qll - = sup wip,q')l, qeR” (4.22)
IImpl<oilg —qgl <t
and also define, by analogy, the local norm ||W;q|, for vector-valued
functions W: 2 — C?". Let us notice that one has

U
||W2;‘I||,.=¥) (4.23)

Instead, because of the g-component, |y,;qll, does not vanish for
vanishing u.

In the following Proposition 1’ we adapt to the particular problem at
hand the estimates of Proposition 1; the essential difference is that norms
are here replaced by local norms, while the constant I” on the rhs of each
estimate is replaced by the function

g(q)=f”—ff—’< r (4.24)
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Proposition 1’. Let K and ¥, be as above, and let F*=
ef, +&3f,+ --- be the formal interpolating vector field of ¥,, as in
Proposition 1. With reference to the constants y, I, and § and to the
function ¢ defined above, one has

<r
1A, o 4.25)
Ifes gl <3K“'B%'%(q), k22

Moreover, for any r<(2f¢)~' the finite sum F’=¢f, + --- +¢'f, satisfies
the estimates

VFr—efysqll,n<36%(q) (4.26a)
15— ¥.5 )l 16 < 3e(2rBe) 9(q) (4.26b)

Proof. The proof of (4.25) is straightforward. Indeed, the recurrent
assumptions (a,) and (b, ) are replaced by

Bl B
I‘f}’ q”p—(l+r]—l)5<mg(q)a “A/I€; qll;)—(l+11—l)45<l—_+"1_g(q) (4~27)

and the proof of the recurrence runs smoothly, exactly as for Proposition I,
with the only exception of the estimate of A4,,{=L,f, =L, y,, which
requires some care because, as remarked above, the local norm of ¢, does
not vanish for vanishing u. Nevertheless, a direct computation shows that
one has L, , = (n du/dq, u), and a Cauchy estimate for du/dq easily leads
to

k P B
= T <
+n T 1+7

1422500, - 14 ms < 9(q) (4.28)

—

as required.

Let us come to the inequalities (4.26). The former immediately follows
from (4.25); the latter requires instead some work, which we simply sketch.
Denote, as in Proposition 1,

4p,q)=Pu(p,q)—¥.p,q) (4.29)

Proceeding as there, we replace ¢ by the complex variable z, and work out
a local estimate of 47, for |z| up to some convenient {. To this purpose, let
us write

A=4"+ 4"

) (4.30)
A=@p—E— L,  A"=LpE—(¥.~0)
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We claim that, for |z| <{=(28r)"', the two terms are estimated by
I4'; gll 16 < 30%(q), 14" qll .2 < %% (q) (4.31)

The latter estimate is quite simple: indeed, recalling ¢, =/,, one has
¥.—&=1zf,+2%,, and thus

ML= gl <IF 4f1s¢1||p/z+ 1212 125 gl 12

(4.32)
< %Cg(q) +{7- g(q)

Using then o/t < I'= 1B, {f <1, the estimate is immediate. Concerning 4',
there is instead some work. Let (p, §) be such that

lIm pl<{go,  1§—ql <t (4.33)

and denote

D(p §)= (P, p, q), Q(t, p, §))

One has clearly

I ’ [x3 Px3
2(p.g)=[ di| (Bl p.4). O, p ) ds

l (4.34)
=[ @[ e 5.9), 00 5 ) ds
and thus
|4'(p, )l <3 sup [(LeFL)(P(, p,4), Qt, p, §))l
LESESD]
<3 WL F gl e {4.35)
provided
IIm P(t, p, §)| < o, Q(t, p,G)—ql <3t for 0<e<1

One can see that, for p, ¢ as in (4.33), such a condition is guaranteed by
IFl,n<3r<i% (4.36)

which in turn follows from (4.26a). After some elementary work, based on
the trivial decomposition F.=:zf, + (F.—zf|), one finds

ILeF75 gl <5 1212 T9(q) < $0p%(q) (4.37)
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and the estimate for A4’ is immediate. From (4.31) one has
147; qll j6 < 3(%(q), and (4.26b) foliows. This concludes the proof of
Proposition 1. QED

In the next corollary we adapt to the problem at hand the relevant
results of Corollaries 1-3.

Corollary 4. Within the above assumptions and notations, if
Iq| %(q) - 0 for |q| — oo, then:

(i) There exists a Hamiltonian K, such that, denoting by ®% its
time-¢ flow, one has

Ed i 1
D%, — ¥o; gll e < e~ 71 (g), 6*=-2€—B (4.38)

(ii) For any initial datum (p, g)e 2%, denoting by Q(k, p, q) the
g-component of ¥*(p, ¢), one has

k
|K(P4(p, 0)) — K (p, g))| <4nele” U7V S 4(Q(), p,q))  (439)
j=0
(iii) The vector fields X and X, are related by
X, — X: qll 16 < 86T%(q) (4.40)

(iv) With appropriate choice of the additive constant in K, the
Hamiltonians K, and X turn out to coincide everywhere at infinity,

lim |K.(p,q)—~K(p,q)|=0 (4.41)

lgl — oc

while for any (p, g) € 2 one has

|K.(p, q)~K(p, 9)| <eF(q) (4.42)
with
F(q)=8Tc i?fjl %(9) ldgl —— 0 (4.43)

[, denotes a path in D from g to infinity.

(v) The algorithm ¥, preserves K,, uniformly in time, up to an
exponentially small quantity, namely for any & >0 one has

IK"( q’ﬁ(pa q)) - Kc(p, q))l g Cee‘[ﬂ‘/ﬁ]

o (4.44)
C=dn'Y %00, p,q)) <

i=0



Hamiltonian Interpolation of Symplectic Mappings 1139

Concerning K, one has instead
[K(Pe> gx) — K(Po» 40)l <eLF (qi) + F(go)] +ee ¥ (445)

Remark. The last statement (4.45) shows that the error in the
energy conservation is bounded uniformly in time, and small with ¢g;
moreover, according to (4.43), asymptotically for |qo|, |q.| = o0, the overall
error in energy conservation is exponentially small.

Proof. The proof of (4.38) directly follows from (4.26b), by simply
proceeding as in Corollary 1; in a similar way, following the last part of
Corollary 2, one gets (4.39). Concerning instead inequality (4.40), one
proceeds as follows: from (4.25), one easily gets [besides the already used
estimate (4.26a)]

IFr—ef5qll,n<2%B4(q)  for e<1/(4rp) (4.46)

Indeed, from (4.25) one can write
VF,—¢f1; qll . <36°B%(q) Y. k(efk) 2
k=2

<3eBG(q) Y 24 '(epk)t? (4.47)
k=2
and the estimate is immediate. Proceeding as in (4.17), inequality (4.40)
directly follows.
Concerning point (iv), let X,(0, §) = K,(0, ¢) for some arbitrarily fixed
point g€ D; for any (p, g) € 9 one has then

(p.q)
K.(p. 9)— K(Q, q)=j(fi (VK,—VK)-dl (448)
pP.q

Moving first p at fixed § and then g, and proceeding as in Corollary 3, one
then obtains

(K.(p, q)— K(p, q)| <8nelt || p— Pl 9(§)+ 86F0f Y(q) lldqll  (4.49)

liq

l,, is any path from g to ¢ in R". Taking the reference point § — oo, the
first term of (4.49) vanishes, and one gets

K(p. 9)— K(p, )| <8eT0 | 9(g) ldgl (4.50)

ly
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1, is any path from ¢ to the given “point” at infinity. The limit (4.41) is then
immediately achieved, by simply taking a path at infinity* [one uses here
the assumption |gq| %(g) — 0 for |g| —» 20 ]; moreover, this shows that the
particular choice of |g| at infinity is irrelevant, and (4.43) immediately
follows. Finally, (4.44) and (4.45) trivially follow from (4.39), and this
completes the proof of the corollary. QED

Figure 1 shows the asymptotic error in the energy conservation, as a
function of the inverse timestep £~ ' (in semilogarithmic scale), for a very
simple scattering problem in two dimensions; with obvious meaning of the
symbols, the Hamiltonian has the form

24 p?

K(po pooxo ) =2 Pr g i, )
’ 2m

e (4.51)

(1 4+ X2 /2)1 + y?/t?)

Vix, y)=V¥,

We used m, d, and V,, respectively, as units of mass, length, and energy;
computations were performed in quadruple precision (approximately 33
decimal digits). The initial point was taken at a distance r ~ 104 from the
origin; at such a distance, within the computer precision, both the potential
energy and the forces are negligible, i.e., the point is practically at infinity.
Each run is stopped when the final point is again at a distance r from the
origin. The quantity plotted in Fig. 1 is the relative error 6E = |4E|/E,,
where AFE is the difference between the initial and final values of K, and E,
is the initial energy. The initial data are (in the above units) x°= —10,
¥°=0.1, p®=0; we set 1=0.5. As one can see, at least for small ¢, the
asymptotic error follows, with good accuracy, an exponential law
SE~e % and even relatively large timesteps lead to quite small final
errors. Let us stress that only at the end of the collision is the error ¢ so
small: on the contrary, at the middle of the collision, the error is simply of
order ¢,° and thus much larger, for several orders of magnitude.

41t may appear that this argument fails for systems in which only one coordinate can go to
infinity (for example, one-dimensional systems) if the asymptotic states lie at opposite sides
of zero, and thus cannot be joined by a path at infinity. However, it is not difficult to add
to the system a fictitious degree of freedom in such a way as to overcome-this topological
difficulty.

*In fact, according to the usual prescription of the leap-frog algorithm, before using p in the
computation of energy. one introduces a correction (the so-called “half step™ of the algo-
rithm). This correction vanishes asymptotically where the forces vanish and the algorithm is
exact, and is of order ¢ during the collision; its effect is a reduction of 6E from order ¢ to
order ¢, This fact, although significant in practical computations, is quite irrelevant in the
present discussion.
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Fig. 1. The asymptotic error in energy conservation, éE, as function of the inverse timestep
1/, in semilogarithmic scale, for an elementary scattering problem (quadruple precision,
approximately 33 significant digits).

Essentially the same results are obtained in more complicated scatter-
ing problems, in particular for systems like (4.5), where the scattering
object has an internal degree of freedom; in fact, according to the above
theoretical analysis, one only needs that asymptotically, when the scatter-
ing object moves freely, the algorithm is exact. Notice that, in the case of
an internal vibrational degree of freedom, it is necessary to use for the
oscillator the action-angle variables (as is not common in numerical studies).

5. CONCLUSIONS

In this paper we reconsidered the problem of the Hamiltonian inter-
polation of symplectic mappings. More precisely, we introduced quan-
titative estimates in Moser's formal scheme, and proved that, if a mapping
¥, is analytic and e-close to the identity, then there exists an analytic
autonomous Hamiltonian system H, such that its time-one flow @, differs
from ¥, by a quantity exponentially small in 1/e. This result has been
applied, in particular, to the problem of numerical integration of
Hamiltonian systems by symplectic algorithms; the conclusion is that,
when using an analytic algorithm of order s to integrate a Hamiltonian
system K, one actually follows “exactly,” namely within the computer
roundoff error, the trajectories of the interpolating Hamiltonian H_, or
equivalently of the order-one Hamiltonian K,=¢ 'H,, which differs
from K, but turns out to be ¢' close to it.

822/74/5-6-13
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Now, a typical motivation for numerical studies on Hamiltonian
systems concerns the presence and the behavior of the integrals of motion:
in the simplest case, one deals with a nearly integrable Hamiltonian system
of the form

K.(1, ¢)=K0(1)+af(1, ®), IeR", peT”

{(« is here a small parameter), and questions, for example, the number of
actions which are practically conserved, or the time scale on which they are
allowed to change significantly. For such a problem, one clearly expects
that the use of a numerical algorithm does modify the system, but in an
inessential way: indeed, the original Hamiltonian K, is simply replaced by

Ka.c(l, (P)= KO(I) +G(f(1, (P) +6‘g(1’ (p)

with g bounded and essentially as regular as /. Unless f is chosen in a class
with very special properties, for small ¢ one expects, on the basis of the
typical results of perturbation theory, that the two Hamiltonians behave
practically in the same way: so, studying K, or K, , makes no essential
difference. This is an example of a situation of structural stability to which
remark (ii) in the Introduction applies. Let us stress that here both the
symplectic character of the integration scheme and the globality of the
interpolating Hamiltonian are essential: otherwise we could not interpret
the effect of the algorithm simply as a small additional perturbation in the
Hamiltonian, and the results, namely the long-time behavior of the
approximate integrals of motion, could drastically change.

Another point that we consider to be relevant for the numerical
integration of Hamiltonian systems is the problem of energy conservation
in “asymptotically free” systems, say in numerical studies of scattering
processes. As we have seen, in this case K and K, asymptotically coincide,
and the final error in energy conservation turns out to be totally negligible.
As a matter of fact, this allows one to measure relevant quantities, like
the energy exchanges among different degrees of freedom at the end of a
scattering process, with very high accuracy: this is important, because these
quantities are known to be, in some cases, so small that they risk getting
completely lost by numerical errors; actually, they typically decrease
exponentially with the frequency of the vibrational or rotational degrees
of freedom involved in the process (see, for example, refs. 4 and 11-14). In
simple examples, as shown in refs. 10 and 15, one can appreciate quite
small energy exchanges—even smaller than one part over 10, in ref. 15—
and confidently follow the exponential laws governing the energy exchanges
over many decades.

A final question one could be interested in is whether our results have
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some consequences for the reliability of numerical integration schemes in
the general non-Hamiltonian case. In fact, we made use of the Hamiltonian
structure only in the applications, while the basic results, namely the
existence of an interpolating flow close to the one to be studied, is clearly
independent of it. In particular, remark (ii) in the Introduction applies
to this case, too. Nevertheless it is not clear to us whether this is relevant
for the accuracy of numerical integrators. In fact, we could not produce
significant examples of non-Hamiltonian flows which are interesting for
numerical study and at the same time exhibit some kind of structural
stability which can be used to guarantee the reliability of resuits.
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